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– 1 $0$ - – Wiener
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Wiener
–
4 T. J. Lyons ([L1], [L2], [LQ1], [LQ2]) rough signal driven
L. C. Young $([\mathrm{Y}])$ P-th variation
(rough path)
Lyons
( [IW] $\text{ }\mathrm{K}\text{ }$ )
Lyons –
2. – $\mathrm{R}^{d}$
$dX(t)= \sum^{\mathrm{f}}i=1Li(x(t))\circ dw(it)+L_{0}(X(t))dt$ , $X(0)=x$ (1)
$L_{i}:x\in \mathrm{R}^{d_{\text{ }}}arrow Li(X)\in \mathrm{R}^{d}$ , $i=0,1,$ $\ldots,$ $r$
$\mathrm{R}^{d}$ $C^{\infty}$-vector field $L_{i}(x)=(L_{i}^{k}(x))_{k=}^{d}1$ $L_{i}^{k}(x)$ 1
$L_{i}(x)$
$L_{i}(x)=k1 \sum_{=}^{d}L^{k}(_{X}i)\frac{\partial}{\partial x^{k}}$
– $T>0$ $W_{0}(\mathrm{R}^{r})=\{w\in C([0, T]arrow \mathrm{R}^{r})|w(0)=0\}$ ,
$P$ $W_{0}(\mathrm{R}^{r})$ Wiener $(W_{0}(\mathrm{R}^{r}), P)$ $\mathrm{r}$- Wiener , $w\in W_{0}(\mathrm{R}^{r})$
canonical $r$- Wiener process $\circ$ Stratonovich
– (1) $X(t)=x(t;x, w)$ –
$x\in \mathrm{R}^{d}$
$X^{x}:.w\in W_{0}(\mathrm{R}^{r})\}arrow X(\cdot;x, w)\in W_{x}(\mathrm{R}^{d})(:=\{w\in C([0, T]arrow \mathrm{R}^{d})|w(0)=x\})$
Wiener $P$- (
P-a.e. – ) ( –
2
) - – $w\in W_{\mathrm{o}(\mathrm{R}^{r})}$ $X(\cdot;X, w)\in W_{x}(\mathrm{R}^{d})$
(skeleton)
$H=$ { $h\in W_{0}(\mathrm{R}^{r})|t\in[0,$ $T]\mapsto h(t)\in \mathrm{R}^{r}$ $\dot{h}=\frac{dh}{dt}\in L^{2}([\mathrm{o},$ $\tau]arrow \mathrm{R}^{r})$ }
$(H\text{ }||h||_{H}=||\dot{h}||_{L^{2}([0},\tau]arrow \mathrm{R}^{r}))$ Cameron-Martin Hilbert subspace
$h\in H$ (1)
$\frac{d\phi}{dt}(t)=\sum_{i=1}^{r}L_{i}(\phi(t))\cdot\frac{dh^{i}}{dt}+L_{0}(\phi(t))$, $\phi(0)=x$ (2)
$-$ $\emptyset(t)=\phi(t;x, h)$ $x\in \mathrm{R}^{d}$
$h\in H\mapsto\phi(\cdot;x, h)\in W_{x}(\mathrm{R}^{d})$ Banach $W_{x}(R^{d})$-
Fr\’echet $C^{\infty}$ $\phi(t;x, h)$ $X(t;x, w)$
$X(t;x, w)$ ” ” $\phi(t;x, h)$ $h$ $w$
Wong-Zakai –
1 $([\mathrm{W}\mathrm{Z}], [\mathrm{S}\mathrm{V}])$ $T=1$ $w\in W_{0}(\mathrm{R}^{r})$ $\pi_{n}(w)\in H$ ,
$n=1,2,$ $\ldots$ , :
$\pi_{n}(w)(t)=(2^{n}t-k)w((k+1)2^{-n})+(k+1-2^{n}t)w(k2^{-}n)$ ,
$t\in[k2^{-n}, (k+1)2^{-n}]$ , $k=0,1,$ $\ldots,$ $2^{n}-1$ , $W_{x}(\mathrm{R}^{d})$
$\phi(\cdot;x, \pi_{n}(w))arrow X(\cdot;x, w)$ , $narrow\infty$
$w\in W_{0}(\mathrm{R}^{r})$ H- Wiener $\pi_{n}(w)$
$\pi_{n}(w)$ $w$ aa. $w$ –
, ([IW] p.484 $\mathrm{M}\mathrm{c}\mathrm{S}\mathrm{h}\mathrm{a}\mathrm{n}\mathrm{e}$ ) $W_{x}(\mathrm{R}^{d})- \text{ }$ Wiener $X(t;x, w)$




$\pi_{n}(w)$ $w$ $\pi_{n}(w)$ L\’e
$\phi(\cdot, x.\pi_{n}(w))$ $X(t;x, w)$ –
T. J. Lyons –
L\’e
3
$r\geq 2$ $d=r(r+1)/2$ $x\in \mathrm{R}^{d}$ $x=(X^{i}, X^{(i,j}))1\leq i<j\leq r$
$L_{0}(x)\equiv 0$ $i=1,$ $\ldots,$ $r$
$L_{i}(x)= \frac{\partial}{\partial x_{i}}+j;\sum_{j<i}\frac{x^{j}}{2}\frac{\partial}{\partial_{X^{(j,i}})}-j;j\sum_{i>}\frac{x^{j}}{2}\frac{\partial}{\partial_{X^{(i,j}})}$
$r$- Wiener (1) $x=0$
$X(t;0, w)$ $X(t;0, w)=(w^{i}(t), s^{(i},j)(t, w))\text{ }$
$S^{(i,j)}(t, w)= \frac{1}{2}\int_{0}^{t}w^{i}(S)\circ dw^{j}(_{S)-w^{j}(}S)\circ dw(is)$ , $i<j$ (3)
$S^{(i,j)}(t, w)$ L\’evy $S^{(i,j)}(t, w)$
$s^{(i,j)}(t, h)= \frac{1}{2}\int_{0}^{t}[h^{i}(s)j(s)-h^{j}(S)\dot{h}^{i}(s)]dS$, $i<j$ , $h\in H$ (4)
$s^{(i,j)}(t, h)$
$\dot{t}$
$\mathrm{R}$- $t$ $W_{0}$ (R)-
$h$ $H$ Re’chet $C^{\infty}$
$h$ $||h||_{\infty}=\mathrm{m}\mathrm{a}\mathrm{x}0\leq s\leq t|h(s)|$
$([\mathrm{S}])$ $s^{(i,j)}(t, h)$
Wiener $H$
Wiener $H$ L. Gross $([\mathrm{G}])$ , $H$
Banach $B$ $B$ Wiener 1
$B$ Borel $\mu$ $(B, H, \mu)$ Gross
Wiener Wiener $(W_{0}(\mathrm{R}^{r}), H, P)$ $-$
Wiener Wiener
( $\alpha$-H\"older norm $(\alpha<1/2)$ ) Wiener




1. $(W_{0}(\mathrm{R}^{r}), H, P)$ Wiener $(B, H, \mu)$ , (Cameron-Martin- $H$ )
Wiener $P$- ( ) \mu -
( ) 1 1 –
(i) $h\in H$ 1 Wiener chaos $h(w)\in L^{2}(W_{0}(\mathrm{R}^{r}), P)$ $h(x)\in L^{2}(B, \mu)$
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(ii) $h_{1},$ $\ldots,$ $h_{n}\in H$ $\mathrm{R}^{n}$ $f(x_{1}, \ldots, x_{n})$ $f(h_{1}(w), \ldots , h_{n}(w))$
$f(h_{1}(x), \ldots, h_{n}(X))$
(iii) $F_{n}(w)$ $\tilde{F}_{n}(x)$ $(w)arrow F(w)$ $(x)arrow\tilde{F}(x)$
$F(w)$ $\tilde{F}(x)$
$F$ $\tilde{F}$ Wiener
2. Cameron-Martin $H$ $\Phi(h)$
(i) Wiener $(B, H, \mu)$ , $\Phi(h)$ $H$ $B$
(ii) Wiener $(B, H, \mu)$ $B$ $F(x)$ $F|_{H}=\Phi$
( $(\mathrm{i}\mathrm{i})$ $(B, H, \mu)$ (i) (i) $(B, H, \mu)$
Wiener $(B’, H, \mu^{;})$ $\Phi$ )
2
(1) $(B, H, \mu)$ Wiener $S^{(i,j)}(t, h)$ , ($t$ R-
$t$ $W_{0}(\mathrm{R})$ - ,) $H$ $B$
2 $s^{(i,j)}(t, h)$ Wiener $(B, H, \mu)$
(2) Wiener $(B, H, \mu)$ 1 L\’evy
$S^{(i,j)}(t, w)$ $B$
$\mu$- ( ) $S^{(i,j)}(t, X)$ ( $t$ R-
$t$ $W_{0}(\mathrm{R})$ - ) $B$
$r=2$ $\Phi:=s^{(2}1,$ ) $(1, h)$ $H$
Hilbert-Schmidt $A$ $\Phi(h)--(Ah, h)_{H}$ $A$
( ) $\lambda_{k}$ , $e_{k}(t),$ $k=1,2,$ $\ldots$
$\Sigma_{k}|\lambda_{k}|=\infty$ , $A$ Hilbert-Schmidt
$\Sigma_{k=1}^{n}\lambda_{k}$
$(B, H, \mu)$ Wiener $e_{k}\in H$ 1 Wiener chaos $e_{k}(x)$
$\pi_{n}(x)=k\sum_{=1}e_{k}(_{X})ek\in H$, $n=1,2,$ $\ldots$
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(2) : Wiener $(B, H, \mu)$ $S^{(1,2)}(1, x)=\Sigma_{k=1}^{\infty}\lambda_{k}(ek(X)2-1)$ $\mu- \mathrm{a}.\mathrm{a}.x$
– $F(x)$
$F(x+h)-F(x)=2\overline{h}(X)+(Ah, h)_{H}$ , $h\in H,$ $\mu-aa.x\in B$
$\overline{h}=\sum^{\infty}k=1\lambda k(ek, h)_{H}\cdot ek\in H.$ 1
Wiener chaos $\overline{h}(x)$ $B$ $\overline{h}\in B’:=B$
$x=0$
$F(h)-F(0)=(Ah, h)_{H}$
$\Phi(h)=(Ah, h)_{H}$ $B$ $F(x)-F(\mathrm{O})$
(1)
3. $r\geq 2$ $d=r(r+1)/2$ .
$H_{r}(\cong \mathrm{R}d\cong \mathrm{R}r\mathrm{x}so(d)):=\{x=(x^{i}, x^{(i}’ j))|1\leq i<j\leq r\}$
: $x=(x^{i}, x^{(i}’))j,$ $y=(y^{i}, y^{(i}’)j)$
$x\cdot y:=z=(z^{i}, Z(i,j))$ ,
$z^{i}=x^{i}+yi$ , $z^{(i,j)}=X(i,j)+y^{(j}+ \frac{1}{2}(_{X^{ijj}}i,))y-xy^{i}$ .
$H_{r}$ $0=(0,0)$ $r$- 2
$\uparrow$) $r=2$ Heisenberg $T>0$
$D(T)=\{(S, t)|0\leq s\leq t\leq\tau\}$
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$\Omega_{2}(\mathrm{R}^{r})$ $=$ {$\omega=(\omega(s, t))$ : $D(T)arrow H_{r}|$
$0\leq s\leq t\leq u\leq T$ $\omega(s, t)\cdot\omega(t, u)=\omega(S, u)\}$
1 $H$ $\Omega_{2}(\mathrm{R}^{r})$ - $\omega[h]=(\omega[h](S, t)),$ $h\in H$ ,
$\omega[h](s, t)=(h^{i}(t)-h^{i}(s), S^{(j}i,)(s, t;h))\in\Omega_{2}(\mathrm{R}^{r})$ ,
$S^{(i,j)}(s, t;h)$ $=$ $\frac{1}{2}\int\int_{s\leq t\leq t\leq t}12([\dot{h}i)t_{1}\dot{h}j(t_{2})-\dot{h}j(t1)\dot{h}^{i}(t_{2})]dt1dt_{2}$
$=$ $\frac{1}{2}\int_{s}^{t}\{[h^{i}(\tau)-h^{i}(s)]\dot{h}j(\mathcal{T})-[h^{j}(\tau)-h^{j}(S)]\dot{h}i(\mathcal{T})\}d\mathcal{T}$.
2 $r$- Wiener $(W_{0}(\mathrm{R}^{r}), H, P)$ $\Omega_{2}$ (Rr)- Wiener $\omega[w]=(\omega[w](S, t))$
:
$\omega[w](_{S}, t)=(w^{i}(t)-w^{i}(S), s(i,j)(_{S}, t;w))\in\Omega_{2}(\mathrm{R}^{r})$ ,
$S^{(i,j)}(S, t;w)$ $=$ $\frac{1}{2}\int\int_{S}\leq t_{1}\leq t_{2}\leq t][\circ dw^{i}(t_{1})\circ dw^{j}(t2)-\circ dw^{j}(t1)\circ dw^{i}(t_{2})$
$=$ $\frac{1}{2}\int_{s}^{t}[w^{i}(\mathcal{T})-w^{i}(s)]\circ dw(_{\mathcal{T}}j)-[w^{j}(_{\mathcal{T}})-w(-js)]\circ dw^{i}(\tau)$ .
3 $c=(c_{ij})\in so(r)$ 2 $\omega[w]$
$\omega_{c}[w](s, t)=(w^{i}(t)-w^{i}(S), s(i,j)(_{S}, t;w)+c_{ij}(t-s))\in\Omega_{2}(\mathrm{R}^{r})$
$\Omega_{2}$ (Rr)- Wiener
$S^{(i,j)}(0, t;h)$ $S^{(i,j)}(\mathrm{o}, t;w)$ $S^{(i,j)}(t;h)$ $S^{(i,j)}(t;w)$ –
$2<p<3$ $x=(X^{i}, X^{(i,j)})\in H_{r}$ $x^{(1)}=(x^{i})\in \mathrm{R}^{r},$ $x(2)=(x^{(i,j)})\in so(d)$
$\omega=(\omega(s, t)),$ $\theta=(\theta(s, t))\in\Omega_{2}(\mathrm{R}^{r})$




$\Omega_{2}^{(p)}(\mathrm{R}^{r})\subset\Omega_{2}^{(p’)}(\mathrm{R}^{r})$ 2 $\Omega_{2}$ (Rr)- Wiener
$\omega[w]$
2 \Omega 2(Rr)- Wiener $\omega[w]$ $2<p<3$ $\Omega_{2}^{(p)}$ (Rr)-
Wiener 3 $\omega_{c}[w]$
$\omega^{(1)}$ $\omega^{(2)}$ 2
Wiener chaos $n=1,2,$ $\ldots$
$E[|\omega^{(2)}(s, t)|^{m}]\leq K|t-s|^{m}$ , $m=1,2,$ $\ldots$
Kolmogorov-Prohorov
T.Lyons (1)
$X(t;x, w)$ (2) $\phi(t;x, h)$ Cameron-Martin








$x\in \mathrm{R}^{d}$ $F_{x}$ :
$F_{x}$ : $\omega\in\Omega(23)-(\mathrm{R}r)-F(x\omega)\in W_{x}(\mathrm{R}^{d})$
$2<p<3$ $\Omega_{2}^{(p)}(\mathrm{R}^{r})$ $d^{(p)}$
$F_{x}(\omega[h])=\phi(\cdot;x, h)$ , $h\in H$
$F_{x}$ –
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$L_{0}(x)+ \sum 1\leq i<j\leq rCij[Li, L_{j}](_{X)}$
$X(\cdot;x, w)$ Wiener path $w=(w^{i})$
$S(t, w)=(S^{(i,j)}(t, w))$ Wiener $[w, s(\cdot, w)]$
Lyons $\Omega_{2}(\mathrm{R}^{r})$ $\omega$ (order 2) rough path $2<p<3$ $P$
- rough path $\omega\in\Omega_{2}^{(p)}(\mathrm{R}^{r})$ $\omega$ driven ”
$\frac{d\xi}{dt}(t)=i1\sum_{=}^{r}L_{i}(\xi(t))\cdot\frac{d\omega^{i}}{dt}+L_{0}(\xi(t))$ (5)
” ” $F_{x}(\omega)$ (
$\omega$ $\omega^{(1)}=(\omega^{i})$ $\omega^{(2)}=(\omega^{(i,j)})$
) rough path $\omega$
Lyons rough path –
(i) path iterated integral path multiplicative functional
K. T. Chen $([\mathrm{C}])$ iterated integral
p-th variation
(ii)multiplicative functional – almost multiplicative functional
l-form rough path line integral




4 $W_{0}(\mathrm{R}^{r})$ H- Wiener $\pi_{n}(w)$ Wiener path $w$ :
$2<p<3$ , ($\omega[\pi_{n}(w)],$ $\omega[w]$ $1_{\text{ }}$ 2 )
$d^{(p)}(\omega[\pi_{n}(w)], \omega[w])arrow 0$ , in prob., $narrow\infty$ , (6)
$\phi(\cdot; x, \pi_{n}(w))arrow X(\cdot;x, w)$ in $W_{x}(\mathrm{R}^{d})$ , in prob., $narrow\infty$ . (7)
– $\omega[w]$ 3 $\omega_{c}[w]$ (7) $X$ $X_{c}$
[IW] [K] , –
[IW] [K]
$\pi_{n}(w)\in H$ $H$ (ONB) $\{e_{n}(t), n=1,2, \ldots\}$
$\pi_{n}(w)=\sum_{1karrow-}ek(w)\cdot e_{k}$




- ([IN]) $2<P<3$ $\mathrm{a}.\mathrm{a}.$ -w
$|| \pi n(w)-w||_{\mathrm{P}}:=0\leq S\sup_{<t\leq 1}\frac{|(\pi_{n}(w)-w)(t)-(\pi n(w)-w)(_{S)}|}{|t-s|^{1}/_{\mathrm{P}}}arrow 0$ , $narrow 0$






1$||I_{1}(n)(\cdot, \cdot)-S(i,j)$ $($ ., $\cdot$ ; $w)||p/2:= \sup_{10\leq S<t\leq}\frac{|I_{1}^{(n)}(_{S},t)-s^{(j}i,)(_{S},t)|}{|t-s|^{2}/p}arrow 0$ , in prob., $narrow\infty$




$\Omega_{2}^{(p)}(\mathrm{R}^{r})$ deterministic 2 :
$I_{2}^{(n)}(s, t)= \sum_{=k1}^{n}[\int_{s}^{tu}\dot{e}^{i}(ku)du\int^{u}S)\dot{e}^{j}(kvvd-\int^{t}sd\dot{e}_{k}(ju)u\int S\dot{e}(iv)kdv]$
$narrow\infty$ 4 (6)
(8) :
$||I_{2}^{()}n(\cdot, \cdot)||\mathrm{p}/2arrow 0$ , $narrow\infty$ . (8)
$I_{2}^{(n)}(s, t)$ (8) (4) (7)
(8) $L^{2}([0,1]arrow \mathrm{R})$ ONB
$\{f_{n}(u)\},$ $n=1,2,$ $\ldots$
$f_{n,i}(u)=(fn,i(u)^{j})j=1\in L^{2}r([0,1]arrow \mathrm{R}^{r})$ , $i=1,$ $\ldots,$ $r$ , $n=1,$ $\ldots$ ,
$f_{n,i}(u)^{j}=\delta ijf_{n}(u)$ , $j=1,$ $\ldots r$ $-$
$\{.f_{n,i}(u)\},$ $i=1,$ $\ldots,$ $r$ , $n=1,$ $\ldots$ , $L^{2}([0,1]arrow \mathrm{R}^{r})$ ONB
$H$ ONB $\{e_{k}\}$ $\dot{e}_{k}(.u)=\{f_{n,i}(u.).\}$ $I_{2}^{(n)}.\equiv 0$
$\{e_{k}\}$ (8)
4
(4) 1 $\{f_{n}(u)\}$ Haar
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